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1 Antecedents 1 - writing demand and supply
in log derivative form

Inverse supply as a function of own price P and a production subsidy V per
unit produced:

P = S�1 (QS)� V
Inverse demand as a function of own price P and a consumption tax C per

unit produced:

P = D�1 (QD)� C
Take di¤erentials:

dP = S0 (QS) dQS � dV

dP = D0 (QD) dQD � dC
Use de�nition of supply elasticity to substitute S0 (QS) = 1

�
P
QS
, D0 (QD) =

1
�
P
QD

and rearrange:

dQS
QS

= �
dP

P
+ �

dV

P

dQD
QD

= �
dP

P
+ �

dC

P

Log di¤erentiated prices quantities denoted by EP = d lnP = dP
P and EQ =

d lnQ = dQ
Q respectively.

Log di¤erentiated per-unit production and consumption subsidy denoted by
EV = d ln (1 + V ) = dV

P and EC = d ln (1 + C) = dC
P respectively, the change

in the production subsidy or consumption tax rate as a percentage of price.
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2 Antecedents 2 - log di¤erentials for summed
relationships

The economic model must somtimes make assumptions about quantity sums.
For example, we need to assume that total production of a good equals domestic
demand plus exports:

QS = QD +QX

Express as di¤erential:
dQS = dQD + dQX

Divide both sides by QS :

dQS
QS

=
dQD
QD

QD
QS

+
dQX
QX

QX
QS

Express as shares:

EQS = (1� �X)EQD + �XEQX

where �X =
QX

QS
. Note that QD

QS
= QS

QS
� QX

QS
= 1� �X .

3 Equilibrium displacement model of trade with
2 products

3.1 Basic Setup

2 products and 2 regions: EU product and RoW product
Each region produces its own product and consumes domestic and imported

varieties, yielding 6 quantity �ows.
Export supply is based on each region�s domestic demand and supply elas-

ticities
Superscript (EU or RoW) denotes the product, which di¤ers by country of

origin.
The EU can subsidize production of its own good by V per unit, and it can

levy tari¤s tRoW on the imported good. The EU can also subsidise consumption
by C per unit.
Price in exporting country or export quantity supplied denoted by subscript

X, price in importing country or import quantity demanded denoted by sub-
script M . So the EU pays price PEUX for its own good, but pays price PRoWM

for the good it imports from the RoW.
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3.2 Import demand and export supply for EU good

Log-di¤erentiated quantity supplied of the EU-produced good:

EQEUS = �EPEUX + �EV (1)

where EPEUX is the log-di¤erentiated export price, � is the own price elasticity
of supply and EV is the change in the production subsidy as a share of the
price.
Log-di¤erentiated demand for own good in EU, :

EQEUD = �EPEUX + �EC (2)

where � is the own price elasticity of demand and EC is the change in the
consumption tax as a share of the price.
(Log derivative) RoW import demand for EU good (M denotes imports):

EQEUM = �eEP
EU
M (3)

where �e is the elasticity of demand for imports. Note that we allow for the de-
mand elasticity to di¤er between imports and the domestically-produced good.
We need an equation to relate changes in total EU production (EQEUS ) to

changes in domestic demand EQEUD and exports EQEUX , in log-di¤erentiated
terms (see antecedents 2 for more detail):

EQEUS =
�
1� �EUX

�
EQEUD + �EUX EQEUX (4)

where �EUX is the share of EU production that is exported.
Isolate EQEUX :

EQEUX =
1

�EUX
EQEUS � 1� �

EU
X

�EUX
EQEUD (5)

Plug (1) and (2) into (5):

EQEUX =

�
�� �
�EUX

+ �

�
EPEUX +

�

�EUX
EV � � 1� �

EU
X

�EUX
EC (6)

Equation (6) is the EU export supply equation. The quantity of EU exports is
increasing with the price, increasing with productsion subsidies, and increasing
with taxes on EU-produced goods. If EC is negative then the policy subsidizes
consumption of EU-produced goods, and exports decrease.

3.3 Import demand and export supply for RoW good

RoW supply and demand: (assume same elasticities as EU)
RoW supply:

EQRoWS = �EPRoWX (7)
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RoW demand for own good:

EQRoWD = �EPRoWX (8)

EU import demand for RoW good:

EQRoWM = �eEP
RoW
M (9)

RoW export share �RoWX :

EQRoWS =
�
1� �RoWX

�
EQRoWD + �RoWX EQRoWX

Isolate EQRoWX :

EQRoWX =
1

�RoWX

EQRoWS � 1� �
RoW
X

�RoWX

EQRoWD (10)

Plug (7) and (8) into (10):

EQRoWX =

�
�� �
�RoWX

+ �

�
EPRoWX (11)

Equation (11) is the RoW export supply equation.

3.4 Market clearning conditions

We now need to de�ne the market clearning conditions in log-di¤erentiated
format:

EQEUX = EQEUM

EQRoWX = EQRoWM

These market clearning conditions imply that we can write everything in terms
of import quantities, substituting EQEUX = EQEUM and EQRoWX = EQRoWM in
all the above expressions.

3.5 Arbitrage conditions

We also need to de�ne the relationship between importer and exporter prices
(arbitrage conditions) before log-di¤erentiating:

PEUM = PEUX

PRoWM = PRoWX

�
1 + �RoW

�
where �RoW is ad valorem tari¤s or trade costs.
Arbitrage conditions in log-di¤erentiated terms:

EPEUM = EPEUX (12)

EPRoWM = EPRoWX + tRoW (13)

where tRoW = d ln
�
1 + �RoW

�
= d�RoW

P .
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3.6 Solving the model

Equations (3), (6), (9), (11), and (13) can be expressed in a matrix form:266664
1 0 �� 0 0
0 1 0 0 ��
1 0 ��e 0 0
0 1 0 ��e 0
0 0 0 1 �1

377775
266664
EQEUM
EQRoWM

EPEUM
EPRoWM

EPRoWX

377775 =
266664


0
0
0

tRoW

377775

where
� =

�� �
�EUX

+ � > 0

� =
�� �
�RoWX

+ � > 0

 =
�

�EUX
EV � � 1� �

EU
X

�EUX
EC

EQEUM = � �e
� � �e

EQRoWM = �
tRoW �e
� � �e

EPEU = � 

� � �e

EPRoWM =
�tRoW

� � �e

EPRoWX =
tRoW �e
� � �e

Plug in our values for � and �:

EQEUM =
�e

�
�
1��EUX
�EUX

EC � �
�EUX

EV
�

���
�EUX

+ � � �e
(14)

EQRoWM =

�
�� �
�RoWX

+ �

�
tRoW �e

���
�RoWX

+ � � �e
(15)

EPEU =
�
1��EUX
�EUX

EC � �
�EUX

EV

���
�EUX

+ � � �e
(16)

EPRoWM =
tRoW

�
���
�RoWX

+ �
�

���
�RoWX

+ � � �e
(17)
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EPRoWX =
tRoW �e

���
�RoWX

+ � � �e
(18)

Without any constraints on domestic production and consumption in each
region, equation (15) provides a unique solution for tRoW , which we can see by
rearranging:

tRoW = EQRoWM

���
�RoWX

+ � � �e

�e

�
���
�RoWX

+ �
�

We can also solve for some combination of EV and EC using (14). There are
in�nite combinations of EV and EC that match the EU export quantities, if we
are not worried about matching the EU domestic production and consumption
quantities. However, we need to match the BioBaM production and consump-
tion quantities, which we discuss in the next section.

4 Constraining policies to match production and
consumption quantitites from biophysical mod-
els

The biophysical models also stipulate the levels of production and consumption
in each region for each storyline. We must thus constrain the solution from the
economic model so that it matches production and consumption quantities as
well.
Use the EU supply equation (1) and (14) to solve for EV and EC. This

gives us two equations and two unknowns:

EQEUS � �EV
�

= EPEU

EQEUM = �eEP
EU

Combine:

EV =
EQEUS
�

� EQ
EU
M

�e

This gives us the solution for EV .
We can then solve for EC using (2) and (14):

EQEUD � �EC
�

= EPEU

EQEUM = �eEP
EU

Combine:

EC =
EQEUD
�

� EQ
EU
M

�e
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5 Changes in economic surplus in the EU

Once we have solved for di¤erences in policies and prices between the storylines,
we can then calculate consumer surplus and producer surplus.
The change in EU consumer surplus for the domestically-produced good can

be derived from the following formula:

�CSEUdom = �PEU0 QEUD;0 �
�
EC + EPEUX

��
1 +

EQEUD
2

�
where PEU0 and QEUD;0 are the BAU price and quantity in the EU.

The change in EU consumer surplus for the imported good can be derived
from the following formula:

�CSEUM = �PEUQEUM �
�
EPRoWM

��
1 +

EQRoWM

2

�

The change in EU producer surplus can be derived as following:

�PSEU = PEUQEUS �
�
EV + EPEUX

��
1 +

EQEUS
2

�

The change in EU producer revenue can be derived as following:

�Re venueEU = PEUQEUS �
�
EV + EPEUX

� �
1 + EQEUS

�
+PEUQEUS � EQEUS

7


