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1 Antecedents 1 - writing demand and supply
in log derivative form

Inverse supply as a function of own price P and a production subsidy V per
unit produced:

P=S"1(Qs) -V

Inverse demand as a function of own price P and a consumption tax C per
unit produced:

P=D""(Qp)-C
Take differentials:

dP = 5" (Qs)dQs —dV

dP =D'(Qp)dQp — dC
Use definition of supply elasticity to substitute S’ (Qg)
%Q% and rearrange:

%&7 D/(QD):
Qs _ dP 4V

Qs P Vi

aQp _ dP  dC

Qpb PP

Log differentiated prices quantities denoted by EP = dIn P = % and EQ =
dlnQ = 99 respectively.

Y and EC = dln(1+ C) = 495 respectively, the change

Log ditferentiated per-unit production and consumption subsidy denoted by
EV =dln(1+V) =4
in the production subsidy or consumption tax rate as a percentage of price.



2 Antecedents 2 - log differentials for summed
relationships
The economic model must somtimes make assumptions about quantity sums.

For example, we need to assume that total production of a good equals domestic
demand plus exports:

Qs =0Qp+Qx

Express as differential:
dQs = dQp + dQx

Divide both sides by Qg:
dQs _ dQp Qp | dQx Qx

Qs Qb QS+QX Qs

Express as shares:

EQs=(1-ax)EQp+axEQx

— Qx Qp _ Qs _ Qx _ 1 _
where ax = oy Note that e = O — O =1-ax.

3 Equilibrium displacement model of trade with
2 products

3.1 Basic Setup

2 products and 2 regions: EU product and RoW product

Each region produces its own product and consumes domestic and imported
varieties, yielding 6 quantity flows.

Export supply is based on each region’s domestic demand and supply elas-
ticities

Superscript (EU or RoW) denotes the product, which differs by country of
origin.

The EU can subsidize production of its own good by V per unit, and it can
levy tariffs t%°" on the imported good. The EU can also subsidise consumption
by C' per unit.

Price in exporting country or export quantity supplied denoted by subscript
X, price in importing country or import quantity demanded denoted by sub-
script M. So the EU pays price PEU for its own good, but pays price PV
for the good it imports from the RoW.



3.2 Import demand and export supply for EU good
Log-differentiated quantity supplied of the EU-produced good:

EQEY = ¢EPEY + ¢EV (1)

where EPEU is the log-differentiated export price, € is the own price elasticity
of supply and EV is the change in the production subsidy as a share of the
price.

Log-differentiated demand for own good in EU, :

EQLEY = nEPEY 4 nEC (2)

where 7 is the own price elasticity of demand and EC' is the change in the
consumption tax as a share of the price.
(Log derivative) RoW import demand for EU good (M denotes imports):

EQ =n.EPy’ (3)

where 7, is the elasticity of demand for imports. Note that we allow for the de-
mand elasticity to differ between imports and the domestically-produced good.

We need an equation to relate changes in total EU production (EQEU) to
changes in domestic demand EQgU and exports EQ%}U, in log-differentiated
terms (see antecedents 2 for more detail):

BQsY = (1-oX") EQp” + X" EQRY (@)
where a&V is the share of EU production that is exported.

Isolate EQEY:

EQEV — 1 EQEU 1- af(U EQEUV (5)
X - QEU S a])g(_U D

Plug (1) and (2) into (5):

EU €—n EU € 1*‘1?{[]
EQEY = T?{U+n EPy +a;E(UEV7n7a§U EC (6)

Equation (6) is the EU export supply equation. The quantity of EU exports is
increasing with the price, increasing with productsion subsidies, and increasing
with taxes on EU-produced goods. If EC' is negative then the policy subsidizes
consumption of EU-produced goods, and exports decrease.

3.3 Import demand and export supply for RoW good

RoW supply and demand: (assume same elasticities as EU)
RoW supply:
BQE™ = EPE @



RoW demand for own good:

EQEY = nEPEY (8)
EU import demand for RoW good:
EQ" = n EPy" (9)

RoW export share af°W:

EQ?OW _ (1 _ OLQOW) EQSOW + Q§OWEQ§OW

Isolate EQEW:

RoW 1 row  1— a}R}oW RoW
EQX = " Row EQS - RoW EQD (10)
Xy 5'e
Plug (7) and (8) into (10):
EQROW _ €— 77 _|_ EPROW (11)
X - a§OW n X

Equation (11) is the RoW export supply equation.

3.4 Market clearning conditions

We now need to define the market clearning conditions in log-differentiated
format:
EQX” = EQyy
EQY¥Y = EQi"

These market clearning conditions imply that we can write everything in terms
of import quantities, substituting FQEY = EQYY and EQF¥Y = EQTW in
all the above expressions.

3.5 Arbitrage conditions

We also need to define the relationship between importer and exporter prices
(arbitrage conditions) before log-differentiating:

EU _ pEU
PM _PX

Pﬁow — P)I_?OW (1 + TROW)

where T is ad valorem tariffs or trade costs.
Arbitrage conditions in log-differentiated terms:

RoW

EPEV = EPEY 2)
EP]@OW — EP)I?OW + RoW (13)
where 179" = dln (1 4 77oW) = &0



3.6 Solving the model

Equations (3), (6), (9), (11), and (13) can be expressed in a matrix form:

10 =5 0 0 EQEYV
01 0 0 —0]|]| EQW
10 -5 0 0 EPEU | =
01 0 -m O EPLoW
00 0 1 -1]| EPEW t
where
— 1
0= +n>0
l0
€—n
0= oW +n>0
X
€ 1—akl
Y= —FgEV —n—27—EC
Ox X
EQFU — _ e
Qﬂl 6__ne
tRMVn
E ROW’::Q e
QR o,
EPEU - _ g
5__ne
etROW
EPROW —
M 9‘*Ue
thV
EP;?OW _ Ne
9"”6

Plug in our values for ¢ and 6:

1_aBU .
n (153 EC — V)

1)
Ax
e—n

olU TN ="

RoW
€—n ey
EXQROW’::( +'U> - e
" afe St 1= 1,

R
Ax

1—afV €
n—zwt—EC — 5 EV
X X

i%%‘*ﬁ‘—ﬁe

e (Q;Z’V’V + 77)

A 1 =

EPY =



tROWne

EPfW = ‘¢
s
a;:;i;v]v +n—=1e

(18)

Without any constraints on domestic production and consumption in each

region, equation (15) provides a unique solution for t#°W | which we can see by
rearranging:
Tt 1= 1,

«
tRoW — EQJ\RfW X —
. (s + 1)

We can also solve for some combination of EV and EC using (14). There are
infinite combinations of £V and EC that match the EU export quantities, if we
are not worried about matching the EU domestic production and consumption
quantities. However, we need to match the BioBaM production and consump-
tion quantities, which we discuss in the next section.

4 Constraining policies to match production and
consumption quantitites from biophysical mod-
els

The biophysical models also stipulate the levels of production and consumption
in each region for each storyline. We must thus constrain the solution from the
economic model so that it matches production and consumption quantities as
well.

Use the EU supply equation (1) and (14) to solve for EV and EC. This
gives us two equations and two unknowns:

EQEU —€eEV
€

_ EPEU

EQy =n EPFY
Combine:
EV

_ EQEU  EQFY
€ Ne

This gives us the solution for EV.
We can then solve for EC using (2) and (14):

EQB” —nEC _ EpEU
n
EQy =nEPFY

Combine:
_EQFY  EQiY
n Te

EC




5 Changes in economic surplus in the EU

Once we have solved for differences in policies and prices between the storylines,
we can then calculate consumer surplus and producer surplus.

The change in EU consumer surplus for the domestically-produced good can
be derived from the following formula:

EQEU
ACSES, = ~REVQES - (B0 + EPEY) (14 22 )

where PFY and Qg% are the BAU price and quantity in the EU.

The change in EU consumer surplus for the imported good can be derived
from the following formulas:

EQROW
ACS =-PPUQY - (EP{™Y) (1 + = >

The change in EU producer surplus can be derived as following:

EU _ pEUAHEU EU EQEU
APS®Y = PPUQEY - (BV + EPRY) (1 4+ =5~

The change in EU producer revenue can be derived as following;:

ARevenue®V = PFUVQEY . (EV +EPYY) (1+ EQSY)
+PEUQ§U . EQEU



